The purpose of this paper is to examine oscillatory properties of the third-order neutral delay differential equation a t b t x t p t x σ t q t x τ t 0. Some oscillatory and asymptotic criteria are presented. These criteria improve and complement those results in the literature. Moreover, some examples are given to illustrate the main results.
Introduction
This paper is concerned with the oscillation and asymptotic behavior of the third-order neutral differential equation
a t b t x t p t x σ t q t x τ t 0. E
We always assume that H1 a t , b t , p t , q t ∈ C t 0 , ∞ , a t > 0, b t > 0, q t > 0, H2 τ t , σ t ∈ C t 0 , ∞ , τ t ≤ t, σ t ≤ t, lim t → ∞ τ t lim t → ∞ σ t ∞.
We set z t : x t p t x σ t . By a solution of E , we mean a nontrivial function x t ∈ C T x , ∞ , T x ≥ t 0 , which has the properties z t ∈ C 1 T x , ∞ , b t z t ∈ C 1 T x , ∞ , a t b t z t ∈ C 1 T x , ∞ and satisfies E on T x , ∞ . We consider only those solutions x t of E which satisfy sup{|x t | : t ≥ T } > 0 for all T ≥ T x . We assume that E possesses such a solution. A solution of E is called oscillatory if it has arbitrarily large zeros on T x , ∞ ; 
In this paper, we shall further the investigation of the oscillations of E and E 1 . Three cases:
are studied.
In the following, all functional inequalities considered in this paper are assumed to hold eventually, that is, they are satisfied for all t large enough. Without loss of generality, we can deal only with the positive solutions of E .
Main Results
In this section, we will give the main results. 
Proof. Assume that x is a positive solution of E . Based on the condition 1.4 , there exist two possible cases:
Assume that case 1 holds. We define the function ω by
ω t ρ t a t b t z t b t z t , t
Then, ω t > 0 for t ≥ t 1 . Using z t > 0, we have 
t a t b t z t b t z t ρ t a t b t z t b t z t − ρ t a t b t z t b t z t b t z t
2 .
2.8
It follows from E , 2.3 , and 2.4 that
that is,
which follows from 2.6 and 2.7 that
2.11
Hence, we have Proof. Assume that x is a positive solution of E . Based on the condition 1.5 , there exist three possible cases 1 , 2 as those of Theorem 2.1 , and 3 z t > 0, z t > 0, b t z t < 0, a t b t z t < 0, for t ≥ t 1 , t 1 is large enough.
Assume that case 1 and case 2 hold, respectively. We can obtain the conclusion of Theorem 2.2 by applying the proof of Theorem 2.1.
Assume that case 3 holds. From a t b t z t < 0, a t b t z t is decreasing. Thus, we get a s b s z s ≤ a t b t z t , s
≥ t ≥ t 1 .
2.16
Dividing the above inequality by a s and integrating it from t to l, we obtain 
then (E) is almost oscillatory.
Proof. Assume that x is a positive solution of E . Based on the condition 1.6 , there exist four possible cases 1 , 2 , and 3 as those of Theorem 2.2 , and 4 z t > 0, z t < 0, b t z t < 0, a t b t z t < 0, for t ≥ t 1 , t 1 is large enough.
Assume that case 1 , case 2 , and case 3 hold, respectively. We can obtain the conclusion of Theorem 2.3 by using the proof of Theorem 2.2.
Assume that case 4 holds. Since b t z t < 0, we get It is interesting to find other methods to present some sufficient conditions which guarantee that every solution of E is oscillatory.
